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I. INTRODUCTION 
 
The concept of bases of a Hilbert space is of paramount importance in quantum 
mechanics and quantum information. As for multi-particle system in quantum mechanics, 
basis vector of single-particle pure state is usually used to product, i.e product vector. A 
product basis (PB) of a Hilbert space of multipartite quantum states is a set of orthogonal 
product pure states. In common cases, we always use the standard bases, which are the 
simplest PBs. However, in quantum information, some entanglement basis are likely to be 
used as base vector. For instance, in the study of teleportation, Bell’s bases, which are the 
maximally entangled states, are very important. Therefore, it is very vital to use some 
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entanglement basis as base vector. Nevertheless, as we known, an arbitrary pure state is 
either a product state or an entangled state. Therefore, the state of Hilbert space made by an 
orthogonal complete base may be a product state or an entangled state, as Bell base indicate. 
However, it is very difficult to find a subspace whose base vector are all entangled and any 
arbitrary linear combination of the base vector is an entangled pure state. The subspace 
consisting of the base vector is called exact-entanglement base. [1] 
 
In our work, we get an unextendible product basis （UPB）and exact-entanglement bases of 
three qubit, and the properties of entanglement for linear combination state of 
exact-entanglement bases are also discussed. Moreover the bound entangled mixed state is 
obtained from the exact-entanglement bases.  
 
II. The EXACT-ENTANGLEMENT BASES OF THREE QUBIT 
 
According to Zai-Zhe Zhong’s Definition, an entanglement basis (EB) 
{ }10 ,, −= nT ϕϕ L  is a set of n entangled pure states, ( )1,,0 −= njj Lϕ ,  such that an 
arbitrary linear combination of them is still an entangled pure state. The subspace TH  
spanned by an EB T ( TH does not contain any disentangled pure states) is called an 
entanglement space (ES). An EB T is called exact-entanglement basis (EEB) if there is a 
UPB { }10 ,, −= mS ψψ L  containing m=N−n product states such 
that { }1010 ,,,, −−== nmTSB ϕϕψψ LLU  forms an orthogonal complete basis of H. 
In this case, the subspace TH  is called an exact-entanglement space (EES), in which all 
states and the UPB S are orthogonal to each other. And we call B a complete basis with an 
unextendible product basis(CBUPB). 
In ref[2], the number of states n in a UPB  
( ) 11 +−≥∑
i
idn                                          (1) 
Therefore, for three qubit, we have 4≥n  
For tripartite pure state, there is a UPB { }41 ,, ψψ L=S   containing four product states; 
An entanglement basis (EB) { }41 ,, ϕϕ L=T  is the four entangled pure 
states, ( )4,,1L=jjϕ , such that an arbitrary linear combination of them still is an 
entangled pure state. So that { }4141 ,,,, ϕϕψψ LLU == TSB   forms an orthogonal 
complete basis of H. And the subspace TH is called an exact-entanglement space (EES). 
And we call B a complete basis with an unextendible product basisCBUPB). 
As Ref. [3], UPBs for a system of three qubits are 
  0001 ⊗⊗=S , 
+⊗⊗= -12S , 
−⊗⊗+= 13S ,                                               (2) 
1-4 ⊗+⊗=S                           
And  ( )10
2
1 ±=±  
Consider a general tripartite pure state written by 
CBAijkABC kjia∑=ψ                                       (3) 
 
Where i, j, k=0, 1, the coefficients ijka s can be arranged as a three-order tensor.  
To reduce the size of the expressions, we shall write the components of ψ  as  
rijk aA = , r = 0, . . . , 7 ,                                          (4) 
Where r is the integer whose binary expression is ijk, that is, r = 4i + 2j + k. 
So, any state of three qubit can be written as 
111110101100011010001000 76543210123 aaaaaaaa +++++++=ψ  (5)                   
Also satisfying 1=ψψ ; i.e ∑
=
=
7
0
2 1
r
ra .                                  
So, the UPB of three qubits will be denoted as 
0001 =S  
)111110101100(
2
1
2 −−+=S  
)111110011010(
2
1
3 −+−=S , 
)111101011001(
2
1
4 −−+=S                                        (6) 
According to Ref. [4,5], we can derive 
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If ( ) 0=BCAτ , ( ) 0=ACBτ , ( ) 0=ABCτ , then the tripartite pure state is fully separable. 
It is easy to show for 4,3,2,1, =iS i ; we have ( ) 0=BCAτ , ( ) 0=ACBτ , ( ) 0=ABCτ . 
So for the tripartite pure state, there is a UPB { }41 ,, SSS L= , 
For the tripartite pure state, we can give entanglement basis 
)111100010001(
2
1
1 +++=ϕ  
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2
1
2 ++−=ϕ  
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3 +++−=ϕ  
)101100011010(
2
1
4 +−+=ϕ                                    (8) 
And  0=ji Sϕ  
By using Eq. (7)) one obtains, for ( )njj ,,1L=ϕ , 
 
( ) 1=BCAτ , ( ) 1=ACBτ , ( ) 1=ABCτ . 
Furthermore, we find, for ( )njj ,,1L=ϕ , 
With ( )ijkABC tH det4=τ ， 
Where,  
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                  We can obtain 1=ABCτ . 
Let 44332211 ϕλϕλϕλϕλψ +++=  
We can show ψ  must is entangled state, unless 04321 ==== λλλλ  
So that { }4141 ,,,, ϕϕ LLU SSTSB ==   forms an orthogonal complete basis of H. 
and subspace TH is called an exact-entanglement space (EES) 
 
III. THE PROPERTIES OF EES 
Let )( 21 ϕϕλψ += , then λλ 2, 17654 ===== aaaaa ; 
If ψ  is satisfy 1=ψψ ,  
And
8
12
=λ , we have ( ) 4
3
=BCAτ , ( ) 2
1
=ACBτ , ( ) 2
1
=ABCτ , 4
1
=ABCτ ; using  
( ) ( ) ( )( )ABCABCACBBCAAB τττττ −−+= 2
1
                             （9a） 
( ) ( ) ( )( )ABCBCAABCACBBC τττττ −−+= 2
1
                             （9b） 
( ) ( ) ( )( )ABCAcBABCBCAAC τττττ −−+= 2
1
                              （9c） 
Therefore, 
4
1
=ABτ , 0=BCτ , 4
1
=ACτ , 4
1
=ABCτ . 
Let )( 321 ϕϕϕλψ ++= , 12
12
=λ , 
We have ( ) 9
4
=BCAτ , ( ) 0=ACBτ , ( ) 9
4
=ABCτ , 0=ABCτ  
9
4
=ABτ , 0=BCτ , 9
4
=ACτ , 0=ABCτ  
Also, Let )( 4321 ϕϕϕϕλψ +++= , If ψ  is satisfy 1=ψψ ,and 16
12
=λ , 
we have ( ) 8
3
=BCAτ , ( ) 8
3
=ACBτ , ( ) 8
3
=ABCτ . 16
3
=ABCτ ; 
32
3
=ABτ , 32
3
=BCτ , 32
3
=ACτ , 16
3
=ABCτ . 
IV. DISCUSSION AND CONCLUSION 
Also, we can obtain 
        1111 =S  
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Actually, As ref[1] , the orthogonal complete basis { }4141 ,,,, ϕϕ LLU SSTSB ==  
is invariant under a local operation as 
 
{ }4141 ,,,, ϕϕ ′′′′=′′=′→ LLU SSTSBB  
ii SuuuS 321 ⊗⊗=′  4,3,2,1=i  
jj uuu ϕϕ 321 ⊗⊗=′  4,3,2,1=j  
Where, 3,2,1, =iui  are the arbitrary 22 ×  unitary matrixes. 
Therefore, from the above orthogonal complete basis one can create various orthogonal 
complete bases (in the same type). 
If in the system there is an EEB { }nT ϕϕ ,,1 L= , then the uniform mixture 
j
n
j
j
n
ϕϕρ ∑
=
=
1
1
~
 is entangled and is a bound entangled state. 
Therefore, we obtain the following bound entangled. 
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